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Abstract. Based upon the Boussinesq approximation, an initial value investigation is made of 
the axisymmetric free surface response of a nonrotating inviscid stratified liquid of finite or 
inilnite depth to the initial displacement of the free surface. The asymptotic analysis of the 
integral solution is carried out by the stationary phase method to describe the solution for 
large time and distance from the origin of disturbance. It is shown that the asymptotic solution 
consists of the classical free surface gravity waves and the internal waves. 
1. MATHEMATICAL FORMULATION OF THE PROBLEM 
We consider the axisymmetric Cauchy-Poisson problem in an incompressible inviscid strat- 
ified liquid of finite or infinite depth. With the cylindrical polar coordinates (r, 0, z), we 
consider a semi-infinite body of liquid bounded by 0 < r < co and -h 5 .z 5 0. The equi- 
librium state to be perturbed is the state of rest, so the distribution of pressure and density 
is the hydrostatic equilibrium state given by p = PO(Z) and p = PO(Z) where dpo = -peg dz. 
Invoking the axial symmetry and linearization, the equations of unsteady motion in the 
inviscid liquid for small perturbations p’ in pressure and p’ in density are (Turner [l]) 
a 
PO@> w) = - 
a a ( > KF z P’ - (Om’) 
where (u, w) are the velocity components and g is the acceleration due to gravity. 
The linearized condition of incompressibility and the equation of continuity are 
4+~ Go 
/ ~+W~=o, 
(l.lab) 
(1.2ab) 
At the free surface the pressure is constant. The pressure variation has two parts: (i) the 
perturbation pressure p’, and (ii) the variation of the mean pressure due to the free surface 
displacement, denoted by q(r,t). Hence the condition on pressure at the free surface, and 
the kinematic condition at the free surface are 
P’ - gpoll = 0, w = vt on I = 0, t > 0, (1.3ab) 
The problem will be studied under the Boussinesq approximation which states that the 
density, po is taken to be constant in the inertia terms, but the density variation is retained 
in the buoyancy term -p’g where a fluid element with negative p’ is relatively buoyant and 
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hence experiences an upward force due to the action of gravity. In the present problem, we 
assume that the density field varies exponentially with height, that is, 
PO = ~00 ev(-Pz), (1.4) 
where ~00 and /3 are constants. The Brunt Vaisala frequency, N is defined by 
N = (-$f)’ (1.5) 
which is real when the mean density distribution is stable ($F < O> and it remains constant 
throughout the flow field because of (1.4). 
In view of the Boussinesq approximation, we take pe as a constant in (l.lab) and introduce 
the acceleration potential x = f + gz. We rewrite (l.lab), and (1.3ab) in terms of x so 
that they become 
&)=-(;,;)(x-!?,- (0,s) (1.6ab) 
x=grj,w=qtonz=O, t>O 
The bottom boundary condition is 
(1.7ab) 
ax -=Oatz=-horz+-oo 
az (1.3) 
The wave motion is generated in the liquid system by the action of the free surface 
displacement at t = 0 so that the initial conditions are 
u=w=x=o, v(r,t) = r]o(r) at t = 0, 0 5 r < co (1.9abc) 
We further assume that qo(r) is sufficiently small so that the problem can be treated 
within the scope of the linearized theory. 
2. THE SOLUTION OF THE PROBLEM AND THE DISPERSION RELATION 
We first apply the Laplace transform of the functions u, 20,$,x with respect to t (see 
Myint-U and Debnath [2], to equations (1.2ab), and (1.6ab) - (l.gabc), and then eliminate 
transformed functions ii, W, $’ to obtain a single equation for x with the boundary conditions 
at%=-horr+-oo: 
2 
x = sii, -_X + X2X,, = q(r) on z = 0 
9 
(2.lab) 
(2.2ab) 
ax -=Oonz=-horn+-m 
az (2.3) 
where s is the Laplace transform variable. 
Application of the Hankel transform [2] with respect to r, and the inverse Laplace-Hankel 
transformations gives the following solutions: 
x(r, z,t) = & J 
ctiw 
J 
O” 
seat& 
@o(k)kJo(kr) cash $(z + h)dk 
o s2 cash (9) + gE)c sinh ( y) (2.4) c-i00 
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rl(r,t) = & 
J 
C+iW 
J 
O” 
se”ds 
ijo cash (y) keJ(kr)dk: 
c-i00 0 s2 cash ( y) + gM sinh (y) (2.5) 
where ijo is the zero order Hankel transform of no(r). The solutions for x and q in a 
liquid of infinite depth are given by 
9 J 
C+iW 
x = 2ni e_im sedtds J O” iio(k> 0 (9 +gkA) exp (2.6) 
(2.7a) 
(2.7b) 
where Re(X) > 0 that is necessary for a meaningful dispersion relation. 
We guarantee the restriction Re(X) > 0 imposed in solutions (2.6) - (2.7) by selecting an 
appropriate branch cut along Im(s) between the branch points at s = fiN. It is easy to 
check that the integrand in (2.7) has two imaginary poles at s = fiw outside the branch 
cut (w > N). Consequently, substituting s = fiN, x2 = (l- g>-’ in the denominator 
of the integrand of the solutions and equating the resulting denominator to zero, we obtain 
the implicit dispersion relation 
w2=N2+q, A= (l-f)-+ 
Elimination of X from (2.8ab) and expansion of the result for small N2 gives 
02 = asN2-+0 
(2.8ab) 
(2.9) 
In the limit of N2 + 0, (2.8ab) yields the well known dispersion relation w2 = glc for the 
deep water waves in the absence of stratification (Lamb [3]). 
3. ASYMPTOTIC SOLUTION OF THE FREE SURFACE DISPLACEMENT FUNCTION 
In order to determine the wave structure in the stratified liquids, the asymptotic solution 
for sufficiently large time is of special interest. It is then convenient to deform the path of 
integration of the s-integral in (2.7) into three closed loops separately encirlcling the poles 
and the branch cut. We then identify the combined contribution of the poles as ~1 and the 
contribution of the branch points as ~2. Application of the method of stationary phase for 
$>>l, (Y= 9 >> 1 with g > o gives the asymptotic representation 
rl(r,t) - $--$ ($+a) ($-q+ ($ycos(g+a) 
-y(-$)‘sin(Nt-a), 
(3.1) 
This solution consists of two distinct terms representing waves. The first term in (3.1) 
corresponds to surface waves which are qualitatively similar to those in the classical Cauchy- 
Poisson problem for an inviscid nonstratified liquid. However, the amplitude of the surface 
waves is modified by stratification. But the principal effect of stratification on the classical 
solution is the phase shift by an amount a in the asymptotic wave trains. The second term 
in (3.1) also represents waves of frequency N and amplitude O(cr~-~(Nt)-~/~) which decays 
to zero as Nt 4 00. These are not surface waves and their existence is entirely due to the 
density stratification. They have no antecedents in a non-stratified inviscid liquid. 
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